ABSTRACT. In this paper we construct a family of complex analytic manifolds that generalize Inoue surfaces and Oeljeklaus-Toma manifolds. To a matrix M in SLpN, Zq satisfying some mild conditions on its characteristic polynomial we associate a manifold T pM, Dq (depending on an auxiliary parameter D). This manifold fibers over T s with fiber T N (here s is the number of real eigenvalues of M ); the monodromy matrices are certain polynomials of the matrix M . The basic difference of our construction from the preceding ones is that we admit non-diagonalizable matrices M and the monodromy of the above fibration can also be non-diagonalizable. We prove that for a large class of non-diagonalizable matrices M the manifold T pM, Dq does not admit any Kähler structure and is not homeomorphic to any of Oeljeklaus-Toma manifolds.
1. INTRODUCTION 1.1. Background. In 1972 M. Inoue [8] constructed complex surfaces having remarkable properties: they have second Betti number 2010 Mathematics Subject Classification. 32J18, 32J27, 57R99. 1 equal to zero and contain no complex curves. Inoue surfaces attracted a lot of attention. It was proved by F. Bogomolov [2] (see also the works of J. Li, S.-T. Yau, and F. Zheng [14] and [15] , and A. Teleman [20] ) that each complex surface of class V II 0 with b 2 pXq " 0 and containing no complex curves is isomorphic to an Inoue surface. Inoue surfaces are not algebraic, and moreover they do not admit Kähler metric.
Let us say that a matrix M P SLp2k`1, Zq is of type I, if it has only one real eigenvalue which is irrational and strictly greater than 1. Inoue's construction associates to every matrix M P SLp3, Zq of type I a complex surface S M obtained as a quotient of HˆC by action of a discrete group (here H is the upper half-plane). This manifold fibers over S 1 with fiber T
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Inoue's construction was generalized to higher dimensions in the work of K. Oeljeklaus and M. Toma [17] . The construction of Oeljeklaus and Toma uses algebraic number theory. It starts with an algebraic field K of degree n. Such field admits n embeddings to C; denote by s the number of real embeddings; then n " s`2t. Oeljeklaus and Toma construct an action of a certain semidirect product Z s ⋉ Z 2t`s on H sˆCt , the quotient is a compact complex manifold of complex dimension s`t. It has interesting geometric properties, in particular, it does not admit a Kähler metric. The original Inoue surface corresponds to the algebraic number field generated by the eigenvalues of the matrix M .
The Oeljeklaus-Toma manifolds (OT-manifolds for short) have very interesting geometric properties, studied in [17] ; in particular, they do not admit Kähler metric. These manifolds were recently studied by many authors. In the work of L. Ornea, M. Verbitsky, and V. Vuletescu [18] it is shown that in many cases the OT-manifolds do not contain proper analytic subvarieties. In the article [9] of N. Istrati and A. Otiman the De Rham cohomology of OT-manifolds is computed. The paper of D. Angella, M. Parton, and V. Vuletescu [1] is dedicated to the proof of the rigidity of the complex structure of the OT-manifolds. The non-existence of complex curves in OTmanifolds is proved in the paper [21] of S. Verbitsky. In the paper [6] we introduced another generalization of the Inoue surfaces. Namely for every matrix M of type I we constructed a complex non-Kähler manifold T M that fibers over a circle and the monodromy of the fibration equals M J . If the matrix M is nondiagonalizable, then the manifold T M is not homeomorphic to any of the manifolds constructed by Oeljeklaus and Toma.
1.2.
Outline of the paper. In the present paper we generalize our construction to the case of matrices M with several real eigenvalues. Let M P SLpN, Zq. Assuming some restrictions on the matrix M (see Definition 4.11) we construct a manifold T pM, Dq that fibers over T s (where s is the number of real eigenvalues of M ) with fiber T s`2n and the monodromy group isomorphic to Z s . The monodromy transformations are linear automorphisms of the fiber deduced from the matrix M (see Theorem 5.1).
The contents of the paper section by section is as follows. In Section 2 we discuss some special properly discontinuous actions of semidirect product Z s ⋉ Z k on pR˚q sˆRk . We call them twisteddiagonal actions. In Section 3 we show how to construct a twisteddiagonal actions from a matrix M of special type. Section 4 is the central technical part of the work, here we study the Dirichlet families of integer polynomials associated to a matrix. The construction of the generalized Oeljeklaus-Toma manifold is the subject of the main theorem of the paper (Theorem 5.1) which is stated and proved in Section 5. This theorem associates to each matrix M of type J (see Definition 4.11) and a Dirichlet family D for M a complex manifold T pM, Dq. Sections 6 -8 are about properties of the manifolds T pM, Dq. We concentrate on the case when the matrix M is non-diagonalizable, since this case is the most different from the manifolds construsted in [8] , [17] . We prove in particular that if M is non-diagonalizable, and the family D is primary (see Definition 4.14) then:
-The manifold T pM, Dq does not admit any LCK-structure, in particular it does not admit a structure of a Kähler manifold.
-The manifold T pM, Dq is not homeomorphic to any of OT-manifolds.
In section 8 we show that some of OT-manifolds are biholomorphic to manifolds T pM, Dq.
TWISTED DIAGONAL ACTIONS
In this subsection we consider some special groups of diffeomorphisms of the space pR˚q sˆE where E is a finite-dimensional real vector space.
Let k " dim E. Let B be any basis in E and denote by L the free abelian group generated by B, so that L « Z k . The group L acts on E by translations. Let F " pξ 1 , . . . , ξ r q be any family of elements of pR˚q s . Each of vectors ξ i can be considered as a diagonal matrix in GLps, Rq. These matrices commute with each other and so we obtain an action of Z r on R s . We can restrict it to pR˚q s . The direct product of the two actions above gives an action of the abelian group G 0 " Z rˆL on pR˚q sˆE . This action will be referred to as diagonal action of G 0 . Now we shall generalize this notion so as to define an action of a certain semidirect product of Z r and L on pR˚q sˆE . Let A " tA 1 , . . . , A r u Ă GLpEq be a family of commuting linear automorphisms. Assume that every A i preserve the lattice L, and moreover, determines an automorphism of L. Define an action of Z r on L by the following rule: the i-th free generator τ i of Z r acts as A i . Consider the corresponding semidirect product G " Z r ⋉ L. Proof. Consider the homeomorphism
The action of G on pR˚q sˆE induces an action of G on R sˆE which satisfies the following:
1) The lattice L acts by translations on E.
2) The action of the generator τ i P Z s on R sˆE is given by the formula τ i pa, bq " pa`lg ξ i , A i pbqq.
The vectors plg ξ 1 , . . . , lg ξ s q form a basis in R s and the proposition follows.
Denote the matrix of A i in the basis B by µ i , then µ i P GLpk, Zq. 
TWISTED DIAGONAL ACTIONS ASSOCIATED WITH AN INTEGER

MATRIX
Definition 3.1. We say that a polynomial P P Zrts is of type J 0 if it has at least one real root and at least one imaginary root and all real roots are simple. Let M P SLpN, Zq. We say that M is a matrix of type J 0 if its characteristic polynomial if of type J 0 . △ In this section we outline a procedure of constructing from a matrix M of type J 0 a twisted diagonal action. This procedure requires some further assumptions on M which will be discussed in subsequent sections. Denote by α 1 , . . . , α s the real eigenvalues of M and by β 1 , . . . , β k ,β 1 , . . . ,β k the imaginary ones. We have then 0 ă s, 0 ă k. The size of the matrix equals s`2n with n k. Denote by f M : C s`2n Ñ C s`2n the linear map corresponding to M . We have a decomposition of C s`2n into a direct sum of complex f M -invariant subspaces
where V is generated by the eigenvectors a 1 , . . . , a s P R s`2n of M , corresponding to the real eigenvalues α 1 , . . . , α s , and W is the generalized eigenspace corresponding to all the imaginary eigenvalues. (here w i P C for every i and z P C n ). Its matrix equals U J . Observe that the above formula determines also an automorphism of R sˆCn , and a biholomorphism of H sˆCn onto itself. These two isomorphisms will be denoted by the same symbol g 0 by a certain abuse of notation. △ We will need a lemma from linear algebra. (3) is equivalent to the classical formula R " B´1AB, relating the matrices of a linear map in two different bases.
We will now apply the preceding Lemma to the basis B from Lemma 3.2. Proof.
since a i is the eigenvector of M with eigenvalue 
This proposition allows us to construct a twisted diagonal action of Z ⋉ L « Z ⋉ Z s`2n on pR˚q sˆ´VˆW¯, following the procedure from Section 2. The input data is pF, L, Aq where F consists of just one vector pα 1 , . . . , α s q and A consists of just one matrix U J . For the case s " 1 this action is nothing else than the one constructed in our previous paper [6] .
For the case s ą 1 this action is not non-degenerate. To construct a non-degenerate action we need a family of s matrices, commuting with each other. We will choose these matrices to be of the form D i pU J q where D i are integer polynomials of special type, which will be described now.
For any polynomial D P Zrts the vectors a 1 , . . . , a s P R s`2n are eigenvectors of DpM q with eigenvalues Dpα 1 q, . . . , Dpα s q. Put i . We will construct such families later, now we are going to explain how to construct a twisted-diagonal action from a D-family. For every i with 1 i s the automorphism
preserves the lattice L; its matrix in the canonical basis equals
In the coordinates ψ the action of g i is written as follows: 
The fibration p admits a cross-section.
Proof. The part 1) follows from the fact that G acts by biholomorphisms, together with Proposition 2.4. The parts 2) and 3) follow from Proposition 2.5.
Remark 3.10. For s " 1 the family consisting of one polynomial D 1 ptq " t is obviously a Dirichlet family for any matrix M of type J 0 . Thus we recover here the construction of generalized Inoue manifolds from [6] , §2.
CONSTRUCTING DIRICHLET FAMILIES
In this section we construct Dirichlet families associated to a given matrix M P SLpN, Zq. The main result of this section is Theorem 4.13. The principal algebraic tool in this construction is Proposition 4.1, based on the Dirichlet's unit theorem.
A corollary of the Dirchlet's unit theorem.
Proposition 4.1. Let P P Zrts be an irreducible polynomial. Assume that P has at least one real root, and at least one imaginary root. Denote the real roots of P by γ 1 , . . . , γ l , and let 2q be the number of imaginary roots. Put Ý Ñ γ " pγ 1 , . . . , γ l q.
Then there are polynomials P 1 , . . . , P l P Zrts such that :
2) For every i, j we have P i pγ j q ą 0.
3) The vectors P i p Ý Ñ γ q " pP i pγ 1 q, . . . , P i pγ lwith 1 i l form a log-basis in pR˚q l .
4) The properties 1) -3) hold if we replace P i by any other polyno-
Proof. Consider the algebraic extension K of Q corresponding to P , that is, K " Qrts{P . Let m " deg P , then m " l`2q " pK : Qq. An embedding K ã Ñ C is called real if its image is in R; an embedding which is not real is called complex. The field K admits l real embeddings and 2q complex embeddings. Denote the real embeddings by σ 1 , . . . , σ l and the complex embeddings by σ l`1 , . . . , σ l`2q ; we can assume that σ i " σ q`i for i l`1. The map
s an embedding (known as geometric representation of the field K, see [3] , Ch. II, §3). The map L : K˚Ñ R l`q defined as follows:
L pxq " log |σ 1 pxq|, . . . , log |σ l pxq|, 2 log |σ l`1 pxq|, . . . , 2 log |σ l`q pxq|ī s called the logarithmic representation map. The ring Zrts{P is an order in K, denote it by O. Dirichlet's unit theorem (see [3] , Ch. II, §4.3) guarantees the existence of l`q´1 elements u 1 , . . . , u l`q´1 in O, which are invertible in O and generate a free abelian group in O˚. Moreover, these units can be chosen so as their L -images form a basis in the hyperplane
see [3] , Chapter II, §4.3. Denote by p the projection of R l`q onto the space R l corresponding to the first l coordinates. Since q 1 we can assume (re-numbering the units u i if necessary), that the vectors ppL pu 1 qq, ..., ppL pu lform a basis in R l . Pick any polynomials P i P Zrts (here 1 i l) such that P i ptq " u i in O. Every real embedding of K sends t to one of the real roots of P , so renumbering the roots γ i if necessary we can assume that σ i ptq " γ i . Therefore
Replacing the units u i by their squares u 2 i if necessary we can assume that P i pγ j q ą 0. The property 2) of the statement of the Proposition follow. As for 3) it suffices to observe that the vector lg P i p Ý Ñ γ q equals ppL pu i qq. The point 4) is obvious. Proof. The family pP 1 , . . . , P l q of polynomials from Proposition 4.1 satisfy the properties ∆2q and ∆3q (they follow from the properties 2) and 3) of Proposition 4.1). Further, observe that every matrix P i pM q is invertible. Indeed there exists a polynomial T i such that P i T i " 1 mod pP q. Therefore P i pM qT i pM q " Id and P i pM q is invertible.
It remains only to show that det P i pM q ą 0. This property follows from the next Lemma, the proof of which is an easy consequence of the Jordan decomposition theorem and will be omitted. Lemma 4.3. Let M be a square matrix with entries in R, and P P Rrts. Assume that for every real eigenvalue α of M we have P pαq 0. Then det P pM q 0.
4.2.
Dirichlet families: a particular case. In this subsection we begin the construction of Dirichlet families; we consider here a particular class of matrices. We will use the following terminology for polynomials with integer coefficients. Definition 4.4. Let A, B P Zrts. We say that A and B are coprime if their greatest common divisor is 1. We say that A and B are strongly coprime if the sum of the principal ideals pAq and pBq equals Zrts. Proof. Denote by C the characteristic polynomial of M . The ring Zrtsex : twidiag´tor{C has natural projections φ 0 : Zrts{C Ñ Zrts{B 0 and φ 1 : Zrts{C Ñ Zrts{B 1 . The product of these projections
is an isomorphism by the Chinese remainder theorem (see [5] , Th 2.25, p. 131). Denote the real roots of B 1 by α 1 , . . . , α s . Apply Proposition 4.1 to B 1 ; we obtain polynomials P 1 , . . . , P s P Zrts. For 1 i s let Q i P Zrts be any polynomial invertible mod B 0 , and D i P Zrts be a polynomial such that (5) D i " Q i mod pB 0 q, and D i " P i mod pB 1 q.
We claim that the family D " pD 1 , . . . , D s q is a D-family for M . Since D i pα j q " P i pα j q, the formula (5) allows us to deduce the property ∆2q from property 2) of Proposition 4.1. As for the property ∆3q it follows immediately from property 3) of 4.1.
The polynomial D i is invertible in Zrts{C since φ is an isomorphism and both φ 0 pD i q and φ 1 pD i q are invertible. Therefore D i pM q is invertible over Z. Applying Lemma 4.3 we deduce that det D i pM q " 1.
Remark 4.8.
There is a large choice for polynomials Q i . In particular the polynomials Q i ptq " t will do. Any Dirichlet family corresponding to this case will be called primary.
Here is one example of a polynomial of type J 1 . Proposition 4.9. Let B 1 ptq " t 4`3 t 3`3 t 2`3 t`1, Aptq " t 2`1 . Let q be any natural number 1, and put B 0 ptq " pApt. Then the polynomial Cptq " B 0 ptqB 1 ptq is of type J 1 .
Proof. It is easy to check that B 1 is irreducible over Z and has two real roots (both negative), and two imaginary roots. The resultant RpB 1 , Aq equals 1, therefore the ideal generated by B 0 and A contains 1, so that B 0 and A are strongly coprime. We have also Proof. The coefficients of B 1 are all positive, the degree of B 1 is less than 31, and the natural number B 1 p10q is prime. Therefore by a theorem of M. Filaseta and S. Gross ( [7] , Th. 1) the polynomial B 1 is irreducible. In particular, its roots are simple. We have B 1 p´1q "´3, therefore B 1 has at least two real roots. The polynomial f 1 pxq is divisible by x 3 , and can have at most 9 real roots, therefore B 1 has at least one imaginary root. The resultant RpB 1 , B 0 q equals 1, similarly to the Proposition 4.9, and the proof is over.
Dirichlet families: general case.
In this subsection we construct Dirichlet families in more general situation than in the previous subsection. Definition 4.11. We say that an integer polynomial C is of type J if C " B 0 B 1¨¨¨Bk where B i have the following properties: J 1) B 0 has no real roots. J 2) For every i 1 the polynomial B i is irreducible, it has at least one real root and at least one imaginary root. J 3) For every i, j 0 the polynomials B i , B j are strongly coprime.
We say that a matrix M P SLpN, Zq is of type J if its characteristic polynomial is of type J . △
We have obviously J 0 ð J ð J 1 . Here is one example of a polynomial of type J which is not of type J 1 . Proposition 4.12. Let Aptq " t 2`1 and
Let q be any natural number 1, and put B 0 ptq " pApt. Then the polynomial Cptq " B 0 ptqB 1 ptqB 2 ptq is of type J .
Proof. It is easy to check that each of the polynomials B 1 , B 2 is irreducible over Z and has two real roots (both negative), and two imaginary roots. As for the resultants of these polynomials we have RpB 1 , Aq " 1, RpB 2 , B 1 q " 1, RpB 2 , Aq " 1; the proposition follows. Proof. Denote by s j the number of real roots of B j , let s " ř k j"1 s j . The ring Zrts{C has natural projections φ j : Zrts{C Ñ Zrts{B j . Consider the product of these projections (6) φ : Zrts{C Ñ Zrts{B 0ˆZ rts{B 1ˆ. ..ˆZrts{B k .
Since the polynomials B j are strongly pairwise coprime, φ is an isomorphisms by the Chinese remainder theorem (see [5] , Th 2.25, p. 131). For 1 j k apply Proposition 4.1 to the polynomial B j ; we obtain polynomials P j,i , where 1 i s j . The polynomials of the Dirichlet family in construction will be indexed by couples pj, iq with 1 j k and 1 i s j . Let pj, iq be such couple.
Let E j,i P Zrts be any polynomial invertible mod B 0 .
Let D j,i be an integer polynomial such that D j,i " E j,i modpB 0 q, D j,i " P j,i modpB j q, D j,i " 1 modpB µ q if µ " j and µ " 0. We can choose such polynomials since the map (6) is an isomorphism. We claim that the family D " tD j,i u is a D-family for M .
Let us first prove the property ∆2q. Denote by α j,i the real roots of B j (here 1 i s j ). We have P j,i pα j,λ q ą 0 for every λ; this implies D j,i pα j,λ q ą 0 since D j,i " P j,i modpB j q and B j pα j,λ q " 0. Similarly, if µ " j, then D j,i pα µ,λ q " 1 for every λ and the property ∆2q holds.
Let us proceed to the property ∆1q. For an integer polynomial A we will denote by A its image in Zrts{C. Observe that for every µ 0 the element φ µ pD j,i q is invertible, therefore D j,i is also invertible, since φ is an isomorphism. This implies that the matrix D j,i pM q is invertible over Z. Applying Lemma 4.3 we deduce that det D j,i pM q " 1.
To prove ∆3q observe that the sˆs matrix log D j,i pα µ,λ q is blockdiagonal. It has k blocks of sizes s 1 , . . . , s k and the j-th block equals the ps jˆsj q-matrix log D j,˚p α j,˚q with 1 ˚ s j . The determinants of these matrices are non zero by the property 3) of Proposition 4.1. The proof of Theorem 4.13 is now over. Definition 4.14. There is a large choice for polynomials E j,i . In particular the polynomials E j,i ptq " t will do. Any Dirichlet family corresponding to this case will be called primary.
THE MANIFOLD T pM, Dq
Now we summarize the contents of the previous section to obtain the generalized OT-manifold. In this section M denotes a matrix in SLpN, Zq of type J . This matrix has s simple real eigenvalues with s ą 0 and at least one imaginary eigenvalue, and we have N " s`2n with n ą 0. Let D " pD 1 [6] . In this subsection we explain the relation of manifolds T pM, Dq with the generalized Inoue manifolds, constructed in [6] . Recall from [6] that a matrix M P SLp2n`1, Zq is called matrix of type I if it has only one real eigenvalue which is simple, positive and irrational. In [6] we associated to each such matrix a complex non-Kähler manifold T M of complex dimension n`1 endowed with a fibration T M Ñ S 1 , whose fiber is a torus T 2n`1 . A matrix of type I is clearly a matrix of type J 0 with s " 1. In this case the family consisting of one polynomial D 1 ptq " t is a Dirichlet family. The twisted-diagonal action of the semidirect product Z ⋉ Z 2n`1 corresponding to D 1 is the same as the action constructed in [6] and the manifold T pM, Dq is biholomorphic to the manifold T M from [6] .
Relation with generalized Inoue manifolds from
MAPPING MULTI-TORI AND THEIR HOMOLOGICAL PROPER TIES
From the topological point of view Inoue surfaces are just the mapping tori of the corresponding linear map of T 3 . In this section we discuss a generalization of the mapping torus construction, which leads to a simple description of the topological type of T pM, Dq and enables us to establish its basic topological properties. 
The space X is connected.
2) All the maps φpgq for g P Z s have a common fixed point. 3) There is g P Z s such that the homomorphism pφpgqq˚´Id :
Observe that the property 2) from the above definition implies existence of a cross-section of the fibration p φ . Proof. Choose a basis t 1 , . . . , t s P Z s in such a way that 1 is not an eigenvalue of the homomorphism pφpt 1 qq˚of H 1 pX, Qq. Let B l " M T pφ l q. We will now prove two following assertions by induction in l with l 1.
1) b 1 pB l , Qq " l, and 2) pφpt l`1 qq˚: H 1 pB l , Qq Ñ H 1 pB l , Qq equals Id. Assuming that these assertions hold for a given value of l 1 write the Milnor's exact sequence (see [16] )
The space B l is connected, therefore b 1 pB l`1 q l`1. The fibration B l`1 Ñ T l`1 has a cross-section, therefore b 1 pB l`1 q l`1. The part 1) of the induction step follows. The part 2) follows from the fact that the cross-section induces isomorphism in H 1 . The induction step is now complete. A similar argument proves the assertion for l " 1, here we use the fact that 1 is not an eigenvalue of the homomorphism pφ 1 q˚. Proof. Follows immediately from the exact sequence of the fibration p φ . Definition 6.6. Let ρ : Z s Ñ GLpk, Zq be a homomorphism. Denote by G s,k pρq the corresponding semidirect product Z s ⋉ Z k . We say that ρ is special if there is g P Z s such that 1 is not an eigenvalue of ρpgq. We say that ρ is diagonalizable if for every g P Z s the matrix ρpgq is diagonalizable over C.
Each homomorphism ρ : Z s Ñ GLpk, Zq determines a homomorphismρ : Z s Ñ HomeopT k q; if ρ is special thenρ is also special.
Corollary 6.7. If ρ : Z s Ñ GLpk, Zq is special then b 1 pG s,k pρqq " s.
Lemma 6.8. Assume that a homomorphism
Proof. Consider the Hurewicz homomorphism modulo torsion:
The homomorphism f 1 factors through h, so that f 1 " ψ 1˝h . The map ψ 1 is then an epimorphism of Z s onto itself, therefore it is an isomorphism. Similarly f 2 " ψ 2˝h and the proof is over. Proposition 6.9. Assume that G s,k pρq « G t,m pθq where ρ is special. Assume that b 1 pG t,m pθqq " s. Then s " t, k " m and there is an isomorphism ψ : Z s Ñ Z s such that the representations ρ and θ˝ψ are equivalent. In particular, if ρ is diagonalizable, then θ is also diagonalizable.
Proof. Let Ψ : G s,k pρq Ñ G t,m pθq be an isomorphism. Denote by j : G t,m Ñ Z s the Hurewicz homomorphism modulo torsion (similarly to (7)). Lemma 6.8 implies that there is an isomorphism ψ such that the following diagram is commutative.
Then ψ 0 is necessarily an isomorphism, therefore m " k and for each g P Z s the matrix ρpgq is conjugate to θpψpgqq via the isomorphism ψ 0 .
Let us now return to generalized Inoue manifolds. Let M P SLps2 n, Zq and D be a D-family for M . Every map g i " D i pg 0 q : R sˆCn Ñ R sˆCn preserves the lattice L and determines a self-homeomorphism g i of the torus X " R sˆCn {L. Define a map φ : Z s Ñ HomeopXq by φpt i q " g i ; then the manifold T pM, Dq is clearly homeomorphic to the mapping multi-torus M T pφq.
Corollary 6.10. The group π 1 pT pM, Dqq is isomorphic to the semidirect product Z s ⋉ Z s`2n where the action of
Denote by GpDq the subgroup of SLps`2n, Zq generated by D i pM J q (where 1 i s). For example in the case s " 1 the Dirichlet family consisting of one polynomial D 1 ptq " t is special. 
11). Then any primary Dirichlet family is special. (In particular this is the case when
has a non-zero determinant. Therefore some linear combination of its lines has only strictly positive coordinates. Thus for some n 1 , . . . , n s P Z we have
is primary. Therefore all eigenvalues of N in pW 'W q are imaginary.
Corollary 6.13. Let D " pD 1 , . . . , D s q be a special Dirichlet family for M . Then b 1 pT pM, Dqq " s.
LCK STRUCTURES ON T pM, Dq
In this section we show that if M is non-diagonalizable, and D is a primary Dirchlet family for M , then the manifold T pM, Dq does not admit a structure of a locally conformally Kähler manifold (in particular it is not Kähler). The argument follows basically the lines of the proof of the corresponding property of Oeljeklaus and Toma manifolds ( [17] , Proposition 2.9), although we do not need the condition s " 1 from [17] . Proof. Denot T pM, Dq by Y for brevity. We have a tower of coverings
where π is induced from the universal covering R s Ñ T s via the fibration Y Ñ T s from Theorem 5.1, and the covering χ is the universal covering forȲ . Assume that Y admits an LCK-metric, let Ω be the corresponding 2-form on Y so that dΩ " ω^Ω, and dω " 0. Then dpπ˚Ωq " π˚ω^π˚Ω. The map π induces the sero homomorphism in H 1 p¨, Rq, therefore we have π˚ω " df . The form θ " e´f π˚Ω onȲ has the following properties: A) θ is closed. B) For every g P Z s we have g˚θ " ρpgq¨θ, where ρpgq " e´x rωs,gy . C) The bilinear formθ associated to θ via the following formula:
The manifoldȲ is diffeomorphic to T s`2nˆp R˚q s , and so there is a natural action of the group T s`2n on it. Denote by θ 1 the 2-form obtained by averaging the form θ with respect to this action and the usual Haar measure on T s`2n . It is clear that θ 1 satisfies the conditions A) and C) above. The next lemma shows that the condition B) is also true for θ 1 .
Lemma 7.2. For every g P Z
s we have g˚pθ 1 q " ρpgq¨θ 1 .
Proof. Let ξ P T s`2n . Observe that g˚pξ˚θq " g˚ξ˚pg˚q´1g˚θ " ρpgqg˚ξ˚pg˚q´1θ.
g˚ξ˚pg˚q´1θdξ.
The diffeomorphism ξ Þ Ñ gξγ´1 of T s`2n onto itself preserves volumes, since all matrices D i pM q are in SLp2n`s, Zq. The changement of variables theorem implies that
θdξ and we have g˚θ 1 " ρpgqθ 1 .
The restriction of θ 1 to any subspace T s`2nˆv where v P pR˚q s has constant coefficients with respect to the usual basis of Ω 2 pT s`2n q. Moreover let λ " χ˚pθ 1 q, then the coefficients of λ with respect to the usual basis of Ω 2 pH sˆCn q do not depend on z (where p w, zq denote the coordinates on H sˆCn ). Thus the restriction of λ to any subspace wˆC n writes as ÿ i,j λ ij p wqdz i^dzj .
Lemma 7.3.
The coefficients λ ij do not depend on w.
Proof. Write
The coefficients of dλ at dw k^d z i^dzj and at dw k^d z i^dzj equal
Bλ ij pwq Bw k
, and respectively
Bλ ij pwq Bw k . Since dλ " 0, the lemma follows.
Put λ 0 " λ | p1ˆC n q. The symmetric bilinear formλ 0 associated to λ 0 via the formula (8) is a scalar product on C n « R 2n . Since the family D is primary, the restriction of any matrix D i pM q to C n equals R J and is therefore non-diagonalizable. Put U " D i pM q. Then we have µpU ξ, U ηq " Cµpξ, ηq for ξ, η P C n , so that the matrix U 0 " U { ? C preserves the scalar product. This contradicts to the assumption that U is non-diagonalizable.
RELATIONS WITH THE OELJEKLAUS-TOMA CONSTRUCTION
This section is about relations of the manifolds T pM, Dq with the manifolds constructed by Oeljeklaus and Toma in [17] (OT-manifolds for short). We begin by a brief recollection of Oeljeklaus-Toma construction, then we show that some of OT-manifolds are biholomorphic to manifolds T pM, Dq. Then we show that in the non-diagonalizable case the manifold T pM, Dq is not homeomorphic to any of OT-manifolds.
8.1. Construction of OT-manifolds. Let K be an algebraic number field. An embedding K ã Ñ C is called real if its image is in R; an embedding which is not real is called complex. Denote by s the number of real embeddings and by n the number of complex embeddings. Then pK : Qq " s`2n. Let σ 1 , . . . , σ s be the real embeddings and σ s`1 , . . . , σ s`2n be the complex embeddings; we can assume that σ i " σ n`i for i s`1. The map
s an embedding (known as geometric representation of the field K, see [3] , Ch. II, §3). Let O be any order in K, then σpOq is a full lattice in R sˆCn . Denote by O˚the group of all units of O. The Dirichlet Unit Theorem (see [3] , Ch. II, §4 , Th. 5) says that the group O˚{T ors is a free abelian group of rank s`n´1. Assume that n 1. Choose any elements u 1 , . . . , u s of O˚generating in O˚{T ors a free abelian subgroup of rank s. A unit λ P O will be called positive if σ i pλq ą 0 for every i s. Replacing u i by u 2 i if necessary we can assume that every u i is positive. The subgroup U of O˚generated by u 1 , . . . , u s acts on O and we can form the semidirect product P " U ⋉ O. The group P acts on C r " C sˆCn as follows:
‚ any element ξ P O acts by translation by vector σpξq P R sˆCr . ‚ any element λ P U acts as follows: λ¨pz 1 , . . . , z s`n q " pσ 1 pλqz 1 , . . . , σ s`n pλqz s`n q.
For i s the numbers σ i pλq are real and positive, so the subset H sˆCn is invariant under the action of P. This action is properly discontinuous and the quotient is a complex analytic manifold of dimension s`n which will be denoted by XpK, O, U q . The notation XpK, U q used in the article [17] pertains to the case when the order O is the maximal order of K.
8.2.
OT-manifolds as manifolds of type T pM, Dq. In this section we assume that there is a Dirichlet unit ξ in K such that Qpξq " K. This assumption holds for example when s`n 2 and there are no proper subfields Q K 1 K; this is always the case if s`n 2 and 2n`s is a prime number. Replacing ξ by ξ 2 if necessary we can assume that ξ is positive. Denote by P the minimal polynomial of ξ, let C P be the companion matrix of P , and put B P " C J P . Denote by O the order Zrξs, and let U be any subgroup of the group of units of Zrξs, isomorphic to Z s , and generated by positive units u 1 , . . . , u s . Choose polynomials D i P Zrts, such that u i " D i pξq. The family D " pD 1 , . . . , D s q is a Dirichlet family for the matrix C P (see Proposition 4.1 and Corollary 4.2).
Both XpK, O, U q and T pM, Dq are obtained as quotients of actions of semidirect products of groups Z s and Z s`2n on H sˆCn . We are now going to describe these two actions in details and show that they are isomorphic. Let α 1 , . . . , α s , β 1 , . . . , β n ,β 1 , . . . ,β n be the roots of P . Renumbering the roots of P if necessary we can assume that σ i pξq " α i for i s, and σ i pξq " β i , σ i`s pξq " β i for i ą s,
The eigenvalues of the matrix B P are the same as those of the matrix C P , that is, α 1 , . . . , α s , β 1 , . . . , β n ,β 1 , . . . ,β n ,. The corresponding eigenvectors of B P are:
(where 1 r s and 1 i n). We have therefore a decomposition of C sˆC2n into a direct sum of invariant subspaces
where V is generated by the eigenvectors a 1 , . . . , a s and W is generated by the eigenvectors b 1 , . . . , b n . The matrix R is therefore diagonal with diagonal entries β 1 , . . . , β n . The vectors v i (see the formula (1) , . . . , β 2n`s´1 n q.
The element g 0 (see the formula (2)) acts as follows:
g 0¨p w 1 , . . . , w s , z 1 , . . . , z n q " pα 1 w 1 , . . . α s w s , β 1 z 1 , . . . , β n z n q.
The elements g i (where 1 i s) act as follows: We deduce that the semidirect products of groups Z s and Z 2n`s arising in the cases 1 and 2 are isomorphic and their actions on H sˆCn are identical. Thus we arrive at the following conclusion.
Proposition 8.1. We have a biholomorphism
T pM, B P q « XpK, O, U q. Proof. The group π 1 pXq is isomorphic to G s,2n pAq where A : U Ñ GLp2n`s, Zq denotes the action of the group U on the order O « Z 2n`s . Let γ P U , and P be the minimal polynomial of γ. The roots of P are simple and different from 1. Since P pApγqq " 0, the minimal polynomial of the matrix Apγq has the same properties. Therefore Apγq is diagonalizable and Lemma is proved. The following proposition is now a direct consequence of Proposition 6.9. Proposition 8.3. Let M P SLp2n`s, Zq. Assume that there is a special Dirichlet family D " pD 1 , . . . , D s q for M such that at least one of matrices D i pM q is non-diagonalizable over C. Then the group π 1 pT pM, Dqq is not isomorphic to the fundamental group of any of manifolds XpK, O, U q constructed in [17] . Therefore T pM, Dq is not homeomorphic to any of manifolds XpK, O, U q.
The assumptions of the previous proposition hold if D is primary. Therefore we obtain the next Corollary. Corollary 8.4. Let M P SLp2n`s, Zq be a non-diagonalizable matrix of type J , and D a primary Dirichlet family for M . Then T pM, Dq is not homeomorphic to any of manifolds XpK, O, U q.
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